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We present a new framework for the description of macromolecules subject to confining geometries.
The two main ingredients are a new computational method and the definition of a new molecular
size parameter. The computational method, hereafter referred to the confinement analysis from bulk
structures CABS, allows the computation of equilibrium partition coefficients as a function of
confinement size solely based on a single sampling of the configuration space of a macromolecule
in bulk. Superior in computational speed to previous computational methods, CABS is capable of
handling slits, channels, and box confining geometries for all molecular architectures. The new
molecular size parameter, hereafter referred to the steric exclusion radius Rs, is explicitly defined
and computed for a number of rigid objects and flexible polymers. We suggest that Rs is the relevant
molecular size parameter for characterization of spatial confinement effects on macromolecules.
Results for the equilibrium partition coefficient in the weak confinement regime depend only on the
ratio of Rs to the confinement size regardless of molecular details. © 2008 American Institute of
Physics. DOI: 10.1063/1.2842073
I. INTRODUCTION
The effect of a confining geometry on polymer proper-
ties has been a field of interest for more than 40 years,1 and
the outcome of these studies has not only revealed most es-
sential physical concepts of confined polymer systems,2–4 but
has also found applications in areas such as polymer chro-
matography, surface lubrication, colloidal stabilization, and
recently developed micro-/nanofluidic systems.5–13 For ex-
ample, various chromatographic and membrane separation
processes such as size exclusion chromatography SEC are
governed by the partitioning of macromolecules between an
unconfined bulk solution and a solution in a microscopic
confining geometry. The partition phenomenon is described
by the partition coefficient pore-to-bulk concentration ratio
K=cI /cE, where cI and cE are the number densities of mac-
romolecules inside the confining geometry and in bulk solu-
tion, respectively. In the case of purely steric exclusion
where enthalpic effect is neglected, the equilibrium partition
coefficient K0 is determined only by the change in configu-
rational entropy S as the molecule is brought into the con-
fining geometry from the bulk solution5 and is given by K0
=expS /kB, where kB is the Boltzmann constant. Without
exception, S0 and therefore K01.
Several theoretical approaches have been employed to
determine K0 as a function of the molecule-to-pore size ratio.
Analytical expressions have been obtained for a number of
rigid molecules that only have orientational degree of
freedom.14 For flexible polymers, Casassa1 derived expres-
sions for K0 by solving the diffusion equation for a linear
random walk RW chain in a number of different confining
geometries. This approach was later extended to symmetric
star polymers by Casassa and Tagami15 and to asymmetric
star polymers, pom-pom, and comb polymers confined in a
slit confining geometry by Teraoka.16 Those concise and el-
egant results are important but are strictly valid only in the
long chain limit.17 A fundamental understanding of the par-
titioning behavior of macromolecules in confining geom-
etries can be obtained by the scaling theory.2 Daoud and de
Gennes18 employed a blob picture to describe a confined
linear self-avoiding walk SAW chain and predicted that the
equilibrium partition coefficient follows ln K0−Nb /d5/3,
where N is the total number of chain segments, b is the
segment length, and d is the confinement size. The scaling
exponent 5 /3 was verified by Wang and Teraoka19 using
Monte Carlo simulations. The treatment of Daoud and de
Gennes was later extended to a linear RW chain where
ln K0−Nb /d2.20 The scaling concept provides a physical
understanding of the effect of spatial confinement. However,
it is not quantitative, and the results are strictly valid only in
the high confinement regime where Nb /d1.
Monte Carlo MC studies of the equilibrium partition-
ing of macromolecules in confining geometries were initiated
by Dayantis and Sturm.21 They discussed the statistical con-
sequences of using either absorbing or reflecting boundary
conditions in MC simulations and verified Casassa’s results
with an absorbing boundary. Davidson et al.17 observed by
off-lattice MC simulations that K0 is not only a function of
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the molecule-to-pore size ratio Rg /d where Rg is the radius of
gyration of the macromolecule, but is also a function of ei-
ther the segment-to-pore size ratio b /d or the total number of
chain segments N. Simulation results for a linear RW chain
approach Casassa’s solution for b→0 or equivalently for N
→. Their findings demonstrated the effect of chain flexibil-
ity on the equilibrium partitioning behavior, i.e., K0 of a
semiflexible chain can be substantially higher than that of a
flexible chain with the same Rg /d. MC studies of the parti-
tioning of linear excluded volume polymers and branched
polymers in well defined confining geometries enable us to
quantify the effect of solvent quality and chain architecture
on the partitioning behavior. Cifra et al.22 and Bleha et al.23
showed by lattice MC simulations that a SAW chain can
enter the confining geometry more easily than a RW chain of
the same Rg. Chen and Escobedo8 investigated the effect of
molecular topology star, dendrimer, and hyperbranched
polymers on the properties of isolated polymer chains
trapped in a slit with repulsive walls. The polymer linear
dimension, density profiles across the slit, and confinement
force were obtained, and the equilibrium partition coefficient
was then estimated from the confinement force versus the slit
width. A twin box method was also developed24,25 to study
the equilibrium partitioning of concentrated solutions, which
facilitates the investigation of concentration effect on K0. In
these MC studies of the partitioning of macromolecules, the
confinement size d needs to be explicitly specified for each
simulation,8–10,17,19,21–23,26–31 and thus after sampling the ori-
entational and conformational degrees of freedom of the
studied macromolecule, only a single point is obtained on a
plot of K0 as a function of molecule-to-pore size ratio, such
as Rg /d, as apposed to the new method that we are going to
describe below.
The purpose of most prior calculations of the equilib-
rium partition coefficient as a function of the molecule-to-
pore size ratio is to understand the separation principle of
SEC.14–16,32,33 It is widely accepted that SEC separates poly-
mer molecules according to their sizes in dilute solutions, but
which size parameter to use has been a matter of debate for
nearly 40 years.34,35 In theoretical studies of the separation
principle of SEC, it is generally accepted that the separation
is controlled by equilibrium thermodynamics36 and is based
on an equilibrium partitioning of macromolecules between
the mobile phase and the internal pore volumes due to steric
exclusion effect.1,14 Therefore, efforts have been put to find
the most relevant molecular size parameter that characterizes
the equilibrium partitioning behavior. It was first found by
Casassa and Tagami15 that the plots of K0 as a function of
Rg /d do not follow a common curve for a linear RW polymer
and star polymers of different number of arms. In an effort to
bring these plots into a universal relationship, they proposed
using Rg /dg−1/3, where g is the Zimm–Stockmayer branch-
ing parameter,37 which is defined as the ratio between the
mean-square radius of gyration of a branched polymer and a
linear polymer of the same molecular weight. More recently,
Radke32,33 and Teraoka16 proposed the use of the hydrody-
namic radius Rh. Both Rg /dg−1/3 and Rh are capable of
providing better universality than the use of Rg. However, the
success was limited, and a fundamental understanding of the
partitioning behavior is still lacking.
In the present work, a novel computational method is
developed, which allows the computation of K0 as a function
of confinement size after only one sampling of the configu-
ration space of a macromolecule in bulk. This method is
hereafter referred to as a confinement analysis from bulk
structures CABS method. Its origin is from a simple geo-
metric consideration of the chain conformation and is based
on a statistical physics formulation of a single chain under
spatial confinement. For the computation of K0, CABS is
capable of handling slits, channels, and box confining geom-
etries and is directly applicable to the study of branched
polymers. Our method is computational efficient and also
naturally leads us to introduce a new molecular size param-
eter which gives a better universal relationship between K0
and confinement size. This molecular size parameter, hereaf-
ter referred to the steric exclusion radius Rs, is explicitly
defined and can be determined easily from molecular simu-
lations. We suggest that Rs is the relevant molecular length
scale for characterization of spatial confinement effects on
macromolecules. In particular, for slit, channel, and box con-
fining geometries, the equilibrium partition coefficients K0 in
the weak confinement regime depend only on the ratio of Rs
to the confinement size d regardless of molecular details.
The paper is organized as follows. In Sec. II, the CABS
method and the steric exclusion radius Rs are introduced
based on a statistical physics formulation of the equilibrium
partitioning of polymers in the dilute solution limit. In Sec.
III, we provide a brief description of the numerical details
regarding the implementation of our CABS method and the
calculation of Rs. Results are presented in Sec. IV along with
discussions regarding some properties of this new molecular
size parameter Rs, numerical validations of the CABS
method, and the observation of a universal partitioning be-
havior when K0 is shown as a function of Rs /d. Finally, a
summary is given in Sec. V.
II. THEORY
A. A grand canonical ensemble formulation
We follow the statistical physics formulation of equilib-
rium partitioning of solvated polymer chains in the interior
of a porous medium by Teraoka.5 When a porous medium
with an inert surface is immersed into a solution of polymers,
solvent molecules will fill the pore channels, and some poly-
mer chains will migrate into the pore channels. Eventually, a
concentration equilibrium is established between the interior
of the porous medium and the exterior solution. It is conve-
nient to treat the solution system in the grand canonical en-
semble because both the interior and exterior bulk solutions
are open systems. For simplicity, we regard each monomer
as a united atom and denote by ri	r1 ,r2 , . . . ,rNi the col-
lection of monomer position vectors of the ith polymer chain
where the suffix i runs over all polymer chains. The configu-
ration part of the Hamiltonian Hn of the n chain system is
written as
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Hnr1, . . . ,rn = 

i=1
n
U1ri + 

ij
n
U2ri,r j , 1
where U1ri includes both the intramolecular potential and
molecule-wall interaction for the ith chain with configuration
ri, and U2ri , r j is the interaction between the ith and
jth chain, which is assumed to be pairwise additive. We do
not consider solvent molecules explicitly and therefore omit
solute-solvent interaction terms in the Hamiltonian. The con-
formation of a single polymer chain in -solvent condition is
described by RW, while its conformation in good solvent
condition is described by SAW.38 Therefore, the difference in
the partitioning behavior of a RW chain and an SAW chain
reflects the solvent effect on the partitioning behavior of
macromolecules. In other words, the solvent effect is consid-
ered implicitly by modifying the form of U1 and U2. The
grand canonical partition function is given by39
V,T, = 

n=0

Qn,V,Tn, 2
where =exp	 is an absolute activity, 	=1 / kBT, and 
is the chemical potential of the polymer. The classical parti-
tion function for interacting particles Qn ,V ,T is given by
Qn,V,T = 1
n! 1

3nN
ZnN, 3
where nN is the total number of monomers in the system.

=h2 / 2mkBT is the De Broglie thermal wavelength,
stemming from the integration over a Maxwell distribution
of momenta for monomers of mass m, and h is Planck’s
constant. ZnN is the configuration integral for n polymer
chains with N monomers on each chain and is given by
ZnN = ¯ exp− 	Hndr1 . . . drn. 4
Integration with respect to ri is carried out for all configu-
rations of the ith chain. The concentration c= n /V, where
¯ denotes an ensemble average, is calculated by
c =
1
V
 ln
 ln 
, 5
separately for the exterior and the interior solutions, but with
the same .
When the concentration is low so that binary interactions
are negligible U2=0, Eq. 4 reduces to ZnN=Z1N
n
, where
Z1N is the configuration integral of a single chain with N
monomers and is given by
Z1N = exp− 	U1rdr . 6
Under this condition, Eq. 2 reduces to
 = exp
−3NZ1N , 7
and the concentration can simply be determined from Eq. 5
as
c = 
−3NZ1NV−1. 8
Since  and 
 are common to both exterior and interior
solutions, the equilibrium partition coefficient K0 in the di-
lute solution limit is given by
K0 =
Z1N,I/VI
Z1N,E/VE
, 9
where VE and VI are the volumes of the exterior and the
interior solution systems, respectively. The partition func-
tions Z1N,E and Z1N,I are calculated for a chain of N mono-
mers in the exterior and the interior solutions, respectively.
The variable of integration in Eq. 6 can be decomposed
into r1 and R, where Rl	rl−r1 l=2, . . . ,N denotes the
configuration local to each chain. For the exterior solution,
the single chain potential U1E depends only on the internal
variables, and dr1=VE. We therefore obtain
Z1N,E/VE = exp− 	MRdR , 10
with U1Er	MR. For solutions inside the porous me-
dia, there are two contributions to U1Ir, i.e., an intramo-
lecular interaction term MR which depends only on the
internal variables, and the interactions between the macro-
molecule and the pore walls MpR ,r1. We have
U1Ir 	 MR + MpR,r1 . 11
Therefore,
Z1N,I/VI =
1
VI
 drexp− 	U1Ir
= q,Rexp− 	MRdR , 12
where q , R depends both on the confining geometry 
and the polymer internal configuration and is given by
q,R =
1
VI

VI
,R,r1dr1, 13
with  , R ,r1 defined as
,R,r1 = exp− 	MpR,r1 . 14
Substitution of Eqs. 10 and 12 into Eq. 9 leads to
K0 =
q,Rexp− 	MRdR
 exp− 	MRdR
15
	q,R . 16
The ensemble average ¯ denotes an average over the ori-
entational and conformational freedom of the macromol-
ecule. We focus here only on the steric exclusion effect that
restricts the conformational entropy available to an indi-
vidual polymer chain. Therefore, in the absence of specific
surface interactions other than purely steric exclusion by
solid walls, Mp is either 0 or . Consequently, the Boltz-
mann factor  , R ,r1 is 1 for all molecular configura-
tions with the first chain segment located at r1 free from wall
overlap and 0 for overlapping configurations. q , R can
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then be taken as the probability that a given molecular inter-
nal configuration R is not intersected by confining walls
given that its first chain segment located anywhere inside the
confining geometry .
We see from Eq. 13 that q , R depends both on the
molecular configuration R and the confining geometry .
However, for certain types of confining geometries such as
slits, channels, and boxes, the dependence of qR on the
confinement size can be expressed explicitly. This allows the
calculation of K0 as a function of confinement size from only
a single sampling of the internal configurations of a macro-
molecule under bulk conditions. We therefore name this
method the CABS method.
B. The CABS method
Consider a given polymer configuration defined by inter-
nal variables R being placed in a slit confining geometry of
width d, as indicated schematically by Fig. 1. The slit width
d is defined naturally as the distance between two parallel
surfaces. Different from the past lattice MC studies,40,41 no
corrections to d are needed here since we do not discretize
the space. A unit vector ek normal to the slit plane is drawn to
define the orientation of the confining slit. We define  as the
maximum distance covered by this configuration R in the
ek direction, which may be expressed as
R,ek = maxr · ek − minr · ek . 17
 and 	 shown in Fig. 1 are defined as
R,ek = r1 · ek − minr · ek = − minR · ek , 18
	R,ek = maxr · ek − r1 · ek = maxR · ek . 19
We see that  is related to  and 	 as
R,ek =  + 	 = maxR · ek − minR · ek . 20
One may notice that in Eq. 17 the absolute position vector
of each monomer r is used in the definition of . However,
since  is a relative measure, it is independent of the choice
of r1 as indicated by Eq. 20. We denote by x the location
inside the slit of the first chain segment. This polymer con-
figuration is not intersected by the slit walls only for
xd−	. We therefore have
d,ek,R,x = Hx − Hd − 	 − x , 21
where Hx is the Heaviside function. Substitution of Eq.
21 into Eq. 13 leads to
qd,ek,R =
1
d0
d
d,ek,R,xdx
= 1 − d H1 − d  . 22
A function of the form xHx is called the Ramp function,
Rx, which is equal to x+ x /2. We therefore rewrite Eq.
22 as
qd,ek,R = R1 − d  . 23
The extension of Eq. 23 to channel and box confining ge-
ometries is straightforward. We consider a deep channel of
rectangular cross section of size d1d and a rectangular
box of size d1d2d. A deep channel of d1d rectan-
gular cross section can be decomposed into two orthogonal
slits of width d and 1d, respectively. We take two orthonor-
mal vectors ek0 and ek1 to define the orientations of the two
slit planes. In this case, qR defined in Eq. 13 reduces to
qd,ek0,1d,ek1,R = R1 − 0d R1 − 11d , 24
where 0 and 1 are obtained according to Eq. 17 for ek0
and ek1, respectively. Similarly, for a d1d2d rectangu-
lar box confining geometry, qR defined in Eq. 13 re-
duces to
qd,ek0,1d,ek1,2d,ek2,R
= R1 − 0d R1 − 11dR1 − 22d , 25
where ek0, ek1, and ek2 are three orthonormal vectors defining
orientations of the three slits that compose the confining box,
and 0, 1, and 2 are obtained according to Eq. 17.
Substitution of Eqs. 23–25 into Eq. 16 leads to the
equilibrium partition coefficients for slits, channels, and box
confining geometries, respectively. We see from Eqs.
23–25 that the information we need from sampling the
orientational and conformational freedom of the macromol-
ecule is a series of  data, from which the equilibrium par-
tition coefficient K0 can be computed for any confinement
size d. Besides this superior property in computational speed
to previous MC calculations, CABS also facilitates the iden-
tification of possible universal behavior, as presented in the
following subsection.
C. The steric exclusion radius
We consider the equilibrium partitioning of macromol-
ecules in a slit confining geometry of width d in the dilute
solution limit. Substitution of Eq. 23 into Eq. 16 leads to
FIG. 1. Color online A polymer chain of given configuration
R= r−r1 is confined in a slit of width d and orientation ek. This problem
is essentially one dimensional 1D. By projecting the polymer configuration
onto ek, we obtain  as the maximum covered distance in ek direction. In
order for this configuration not to be intersected by the slit walls, the first
bead can only be located in the region  ,d−	 in the ek direction. The
probability that this configuration is not intersected by the slit walls is
d− /d.
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K0d = 1 − d H1 − d  . 26
Equation 26 may be rewritten as an integral over the prod-
uct of the Ramp function and the probability density function
found for , f, and we obtain
K0d = 
0
 1 − d H1 − d  fd
= 
0
d 1 − d  fd . 27
The integral in Eq. 27 may be split into
K0d = 
0
 1 − d  fd − d
 1 − d  fd
= 1 − /d + 
d

/d − 1fd . 28
The last term in Eq. 28 satisfies d
 /d−1fd0 and
vanishes for sufficiently large d, in which case we obtain the
master equation
K0d = 1 − 2
Rs
d
, 29
where we propose a new molecular size parameter for poly-
mers, the steric exclusion radius Rs. It is defined as
2Rs =  = 
0

fd = maxr · ek − minr · ek .
30
In the following we show how this newly proposed molecu-
lar size parameter can be obtained for some simple shaped
rigid and flexible macromolecules.
Rs for the rigid objects we considered are listed in Table
I. Let us, for example, show here how Rs can be obtained for
a sphere and a thin rod. For a sphere of radius R, f
=−2R, where x is the Dirac delta function. There-
fore, the steric exclusion radius for a sphere is its radius Rs
=R, no matter whether it is a uniform sphere or a spherical
shell. The equilibrium partition coefficient with a slit can
then be expressed as
K0d = 1 − 2Rs/d , for Rs/d 1/20, for Rs/d 1/2.  31
We see that the universal partitioning behavior obtained in
Eq. 29 is essentially the partitioning behavior of a sphere of
radius R=Rs. For a thin rod of length L, it can be shown by
assuming an isotropic orientation of the rod that f is a
continuous uniform distribution of the form
f = 1/L , for 0  L0, for   L .  32
Substitution of Eq. 32 into Eq. 30 leads to the steric ex-
clusion radius for a thin rod of length L. We obtain Rs
=L /4. The equilibrium partition coefficient K0 for a thin rod
of length L with a confining slit of width d can be obtained
by inserting Eq. 32 into Eq. 27, which leads to
K0d = 1 − 2Rs/d , for Rs/d 1/4Rs/d−1/8, for Rs/d 1/4. 33
We see that K0 for a rod follows the master equation 29 for
Rs /d1 /4.
We compare in Table I the steric exclusion radius Rs and
root-mean-square radius of gyration Rg for some simple rigid
objects of sphere, rod, and disk shapes. In particular, com-
parisons are made between i a uniform sphere and a spheri-
cal shell, ii a uniform rod and a rigid dumbbell, and iii a
uniform disk and a rigid ring. It is clear that for each pair Rg
are different from each other due to the fact that Rg is defined
as the root-mean-square distance of the collection of mass
points from their common center of mass. However, Rs are
the same for each pair, since it is only related to the mass
points that are located on the surface of each molecular con-
figuration according to Eq. 30. As first pointed out by Gid-
dings et al.,14 steric exclusion may essentially be a surface
effect. We may thus expect that Rs is a more relevant mo-
lecular length scale than Rg for characterization of spatial
confinement effects on macromolecules.
Flexible polymers have both orientational and conforma-
tional degrees of freedom. The simplest model of a flexible
polymer would be an elastic dumbbell. It includes two point
beads connected by a vector Q, as shown in Fig. 2, and the
connection vector Q follows a Gaussian distribution42
TABLE I. The steric exclusion radius Rs and root-mean-square radius of
gyration Rg for some simple rigid objects: A uniform sphere sphere and a
spherical shell shell both of radius R; a thin rod rod and a rigid dumbbell
dumbbell both of length L; a uniform thin disk disk and a rigid ring
ring both of radius R.
Objects Sphere Shell Rod Dumbbell Disk Ring
Rs R R L /4 L /4 R /4 R /4
Rg
a 3 /5R R L /12 L /2 R /2 R
aFrom Ref. 53.
FIG. 2. Color online Example of a 3D structure for a flexible linear RW
polymer and its coarse-grained model: An elastic dumbbell.
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pQ =  32Q2
3/2
exp− 3Q22Q2 . 34
The distribution function of  defined in Eq. 17 is found to
be
f =  6
Q2
1/2
exp− 322Q2 . 35
Substitution of Eq. 35 into Eq. 30 leads to the steric ex-
clusion radius for an elastic dumbbell of mean-square end-
to-end distance Q2,
Rs =
1
6
Q21/2, 36
and the equilibrium partition coefficient for an elastic dumb-
bell with a slit of width d is found by substituting Eq. 35
into Eq. 27,
K0d = erf 12 dRs − 2Rsd 1 − exp− d
2
4Rs
2 , 37
where erfx= 2 /0x exp−t2dt is the error function. If
we use the large x expansion of the error function, we get
K0d = 1 − 2
Rs
d
+ exp− d24Rs2


n=1

− 1n−1n2n − 1!!2Rsd 
2n+1
, 38
where 2n−1 ! ! =1 ·3 ·5¯ 2n−1. We see from Eq. 38
that the master equation given in Eq. 29 is recovered for
Rs /d→0.
For a linear random walk polymer of N point beads and
step length b, a direct analytical derivation of f may be
difficult. Therefore, we have developed an alternative proce-
dure to obtain f in the long chain limit. From Eq. 26, we
obtain
K0
d
=  d2H1 − d  , 39
and by combining Eqs. 26 and 39, we obtain
K0 + d
K0
d
= H1 − d  = 0d fd	 Fd , 40
where Fd is the probability that variable  lies in the in-
terval 0,d. Note that an explicit expression of K0
+dK0 /d can be obtained from the expression of K0d
derived by Casassa,1 who showed that the equilibrium parti-
tion coefficient follows
K0d =
8
2


m=0

exp− 2m + 122Rg
2d−2
2m + 12
, 41
for a linear flexible RW polymer of radius of gyration Rg
with a confining slit of width d. Substitution of Eq. 41 into
Eq. 40 leads to
Fd =
8
2


m=0

2m + 1−2 + 22Rg
2d−2
exp− 2m + 122Rg
2d−2 . 42
The function F is called the cumulative distribution function,
and the probability density function f is obtained by tak-
ing the derivative of F with respect to . We get
f = dF
d
= 

m=0

3222m + 12Rg
4−5 − 16Rg
2−3
exp− 2m + 122Rg
2−2 . 43
Note that for a linear random walk polymer of N point beads
and step length b,  cannot be larger than L= N−1b, which
is the contour length of the chain. In the long chain limit, we
obtain Rs as
2Rs = lim
L→

0
L
fd . 44
Substitution of Eq. 43 into Eq. 44 leads to
Rs =
2

Rg =
2
6
Q21/2, 45
where Q2=6Rg2 is the mean-square end-to-end distance for
a linear RW polymer in the long chain limit.
It is interesting to notice from Eqs. 36 and 45 that the
steric exclusion radius of a linear long chain RW polymer is
two times the Rs value for an elastic dumbbell with the same
Q2. Moreover, the relation between Rs and Rg for a linear
RW polymer in the long chain limit, which reminds us of the
classical Asakura–Oosawa AO model,43,44 where ideal
polymer chains are modeled as interpenetrable spheres of
radii RAO. It was pointed out by Bolhuis et al.45 and Louis
et al.46 that one should take RAO= 2 /Rg instead of RAO
=Rg by considering the concentration depletion effect for a
dilute polymer solution confined in a slit.
We see that analytical derivations of f and Rs even
for a linear RW polymer can be difficult. However, with the
rapid advances in computing facilities and molecular simu-
lation techniques, a numerical determination of these quanti-
ties is rather simple by sampling the configuration space of a
macromolecule using e.g. Monte Carlo simulations.
III. SIMULATION
A numerical implementation of our CABS method for
the computation of the equilibrium partition coefficient K0d
is straightforward. It only requires a simulation technique
that samples the configuration space of the studied macro-
molecule in bulk. For each molecular configuration sampled,
one can obtain 0 ,1 ,2 from the definition of  given in
Eq. 17 by sampling three orthonormal vectors ek0 ,ek1 ,ek2
of isotropically random orientation. This process generates a
sequence of  data which are then used for calculating the
equilibrium partition coefficients for slits, channels, and box
confining geometries as a function of confinement size d
based on Eqs. 23–25. A histogram analysis of the  data
gives f, and a simple average of  gives twice of the
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steric exclusion radius Rs. Additionally, a number of conven-
tional molecular size parameters can be obtained from sam-
pling bulk configurations. For comparison with the steric ex-
clusion radius, we calculated the mean-square radius of
gyration and Zimm–Kirkwood hydrodynamic radius16
Rg
2
=
1
2
1
N2 
m=1
N


n=1
N
rn − rm2 , 46
Rh
−1
=
1
N2 
mn rn − rm
−1 , 47
where rn is the position vector of the nth bead in the mol-
ecule that consists of N beads. Note that although the deri-
vation of Eq. 47 involves assumptions about the hydrody-
namic interactions between beads for a bead-spring chain,3
one may, however, regard Rh as a molecular size parameter
that is defined differently from Rg.
We applied the CABS method to study the equilibrium
partitioning behavior of linear RW and SAW polymers. Simi-
lar to the chain generation method used by Davidson et al.17
and Tobita et al.,47 a linear RW polymer of N point beads
was generated by performing random walk for N−1 steps
with fixed step length. This method was also used to generate
conformations for a nonlinear RW polymer by drawing each
primary chain as the trajectory of the random walk in the
three-dimensional 3D space. A linear SAW polymer was
sampled on a cubic lattice by the pivot algorithm using a
code implemented by Kennedy,48 which requires a time
ONq with q1 per accepted pivot. It is worth mentioning
that there exist various models and levels of descriptions for
a polymer chain, and our CABS method for obtaining the
equilibrium partition coefficients is easily adaptable to differ-
ent models and types of the macromolecules as long as
purely steric exclusion effects are considered.
The equilibrium partition coefficient is obtained from
CABS as an average over the rotational and conformation
degrees of freedom of a macromolecule. The accuracy of the
results thus depends on the total number of conformations
sampled and the number of orientations sampled per chain
conformation. In principle, the more degrees of freedom of
the macromolecule, the more conformations should be
sampled to ensure accuracy of the results. The total number
of chain conformations sampled ranged from 104 to 106. For
each conformation, 10 sets of orientations were sampled, and
each set had three orthonormal vectors. We repeated each
calculation ten times to estimate the statistical error.49 The
statistical errors of our simulation results were typically of
the order of the line width in the plots and are therefore not
shown.
IV. RESULTS AND DISCUSSIONS
A. Bulk structure properties
It is well known that the average size of an isolated
uncharged flexible polymer chain in solution is asymptoti-
cally proportional to N, where N is the total number of
monomers and  is the Flory exponent with =1 /2 for
-solvent condition and 0.5877 for good solvent condi-
tion. This law holds for any measure of the chain size, but is
valid only in the asymptotic limit N→. For finite N, devia-
tions occur, and corrections have been considered for both Rg
and Rh. For a linear RW polymer of N mass points with step
length b, Dünweg et al.50 showed that
Rg
2 = 16Nb
21 − N−2 , 48
Rh
−1 = Ab−1N−1/21 − BN−1/2 − ON−3/2 , 49
where A= 8 /36 / and B1.095 266. We considered cor-
rections to the steric exclusion radius Rs when N is finite and
found from our linear RW simulations that an expression of
the form
Rs/b  0.4607N1/21 − 0.7329N−1/2 50
gave a reasonably good fit to the simulation results, and Eq.
45 was also recovered in the long chain limit.
In Fig. 3, three characteristic structure ratios Rg /Rh,
Rg /Rs, and Rh /Rs are plotted as a function of N for both
linear RW and SAW chains. Also plotted are predictions
based on Eqs. 48–50. Clearly, all predictions agree well
with our linear RW simulations for large N. For small N,
simulation results for Rh are larger than predicted by Eq.
49, which accounts for the difference between simulations
results and theoretical prediction for both Rg /Rh and Rh /Rs
when N is less than about 103 in Fig. 3. For both linear RW
and SAW chains, Rg /Rh increases as N increases, while the
opposite trend is observed for both Rg /Rs and Rh /Rs. Note-
worthy, all three ratios are smaller for a linear RW chain than
for a linear SAW chain of the same N. However, the ratio
Rh /Rs seems to have a smaller difference between a linear
SAW chain and a linear RW chain than the ratio Rg /Rs. The
results shown in Fig. 3 are important in understanding the
difference among Rg, Rh, and Rs when they are used as the
representative molecular size parameter in the description of
the equilibrium partitioning behavior as presented in the fol-
lowing subsections.
We also calculated the distribution function of  from
our MC simulations by a simple histogram analysis. As
shown in Fig. 4, distribution functions f /Rs calculated for
a rigid rod, an elastic dumbbell, and a linear RW polymer of
FIG. 3. Characteristic ratios Rg /Rh, Rg /Rs, and Rh /Rs obtained from linear
RW and SAW simulations are plotted as a function of the total number of
beads, N. Solid lines are predictions based on Eqs. 48–50.
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104 point beads from our MC simulations agree well with
theoretical predictions based on Eqs. 32, 35, and 43. It
is interesting to notice the large difference in the distribution
function of  /Rs between an elastic dumbbell and a linear
RW chain. We also see that the condition of “sufficiently
large d” for Eq. 29 to be valid is satisfied when d4Rs for
a rigid rod, while it is not the case for an elastic dumbbell. In
contrast, it seems to be sufficient for a linear RW polymer.
B. Comparison with prior studies
In this subsection, we validate our CABS calculations of
K0 by comparing them to previous determinations. Results
are presented in the traditional way where K0 is plotted as a
function of the ratio of the radius of gyration to the confine-
ment size, Rg /d. The effects of confining geometries, chain
flexibility, and solvent quality on the equilibrium partitioning
behavior are also considered.
Quantitative studies of the equilibrium partition coeffi-
cients of macromolecules were initiated by Casassa,1 who
derived expressions for K0 for a long chain linear RW poly-
mer with cavities of spherical, cylindrical, and slit shapes.
Cifra and Teraoka29 pointed out later that the equilibrium
partition coefficients for ideal polymers with slit, square
channel and cubic box confining geometries were closely
related due to the fact that confinement is independent in
each confinement direction, and for the same Rg /d, one has
K0,slit = K0,square channel
1/2
= K0,cubic box
1/3
. 51
Equation 51 can be derived from Eqs. 23–25 by assum-
ing that 0, 1, and 2 are not correlated. The equation cer-
tainly also holds for a spherical molecule where 0=1=2,
but does not hold, e.g., for a rod molecule where 0, 1, and
2 are strongly correlated but not identical.
In Fig. 5, the equilibrium partition coefficients are shown
for a long chain linear RW polymer with a slit confining
geometry of width d, a square channel of cross section
dd, a cylindrical pore of diameter d, a cubic box of size
ddd, and a spherical cavity of diameter d. For the same
confinement size d, it is clear that among these confining
geometries K0 are ordered as: slitsquare channel
cylindrical porecubic boxspherical cavity. For slit,
square channel, and cubic box confining geometries, our
simulation results for a linear RW polymer of 104 point
beads agree well with predictions based on Eqs. 41 and
51, so that they are not distinguishable in the figure.
Casassa’s approach1,15,16 is based on solving the diffu-
sion equation of a RW chain, and therefore the results are
valid only for the limiting case where N→ for a real chain
of finite segment length. As shown in Fig. 6, K0 for a linear
RW chain of finite number of steps can be substantially
higher than predicted from Eq. 41, which is in agreement
with the MC simulation results by Davidson et al.17 Simula-
tion results for N=2 agree with the analytical solution for a
rigid dumbbell derived by Giddings et al.14 Note that the
partitioning behavior of a rigid dumbbell of length L is es-
sentially the same as that of a uniform rigid rod of the same
length except that for a rigid dumbbell Rg=L /2, while for a
uniform rigid rod Rg=L /12, as listed in Table I.
The finite N effect reflects the effect of chain flexibility
FIG. 4. Distribution functions of  /Rs are shown for a rigid rod, an elastic
dumbbell, and a linear RW polymer of 104 beads. Points are our simulations
results, and solid lines are predictions based on Eqs. 32, 35, and 43.
FIG. 5. Equilibrium partition coefficients K0 as a function of Rg /d are
shown for a long chain linear RW polymer with from top to bottom a slit
of width d, a long square channel of dd cross section, a long cylinder of
diameter d, a cubic box of size ddd, and a sphere of diameter d. Both
our simulation results and analytical results given in Eqs. 41 and 51 are
shown for slit, square channel, and cubic box confining geometries, and they
nearly coincide with one another even for K0 as small as 10−4. For cylinder
and sphere confining geometries, only Casassas results are shown Ref. 1.
FIG. 6. Equilibrium partition coefficients K0 as a function of Rg /d are
shown for linear RW polymers of N beads with a slit confining geometry of
width d. From top to bottom: N=2,3 ,10,102 ,103 ,104, and N=. The ana-
lytical solution for a rigid dumbbell Ref. 14 is also plotted, which coin-
cides with the simulation results of N=2. Casassa’s result Ref. 1 given by
Eq. 41 corresponds to N=.
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on the equilibrium partitioning behavior of polymers. As one
may anticipate, this effect is also observed in the equilibrium
partitioning of linear SAW chains. As shown in Fig. 7, for
the same Rg /d value, K0 decreases as N increases. The dif-
ference in the partitioning behavior of linear RW and SAW
chains are also demonstrated in Fig. 7. For polymers of the
same Rg /d, K0 of a linear SAW chain is higher than that of a
linear RW chain, which is in agreement with the simulation
results by Cifra et al.22 and Bleha et al.23 These may be
understood from Fig. 3 since a linear SAW polymer would
have a smaller Rs than a linear RW polymer of the same N
and Rg and thus would have a larger K0 for the same con-
finement size d according to Eq. 29. The same argument
holds for the finite N effect for two linear RW polymers of
the same Rg. The polymer of a smaller N would have a
smaller Rs resulting in a larger K0 for the same confinement
size d.
The excellent agreement between available theoretical
results and our calculations validates our CABS method. In
addition, we may obtain a “continuous” curve of K0 as a
function of d from just one set of simulations since they are
independent of d. This is in contrast to previous MC calcu-
lations of K0 which only were done for a discrete set of d
values, since for each d value a new set of simulations was
required.
C. A universal partitioning behavior
A persistent interest in theoretical determinations of K0,
among many others, is to understand the separation principle
of SEC, i.e., upon what general size basis, if there is one,
does SEC separate macromolecules? Based on the equilib-
rium partitioning theory, the elution volume of polymer mol-
ecules from a SEC column is a function of the equilibrium
partition coefficient,14,15,36 and the challenge is therefore to
find a single molecular size parameter, if it exists, that may
be used to determine K0 for any chain architecture in a given
confinement. Indeed, despite the many successes of the equi-
librium partitioning theory in understanding the elution be-
havior of polymers in SEC, this problem has remained un-
solved. Clearly, the root-mean-square radius of gyration Rg
alone could not be the determining size parameter, as shown
in Figs. 6 and 7. For two polymers of the same Rg /d value, a
linear SAW polymer would have a larger K0 than a linear
RW polymer; a linear RW polymer of finite number of seg-
ments would have a larger K0 than that of infinite number of
segments. In addition, a linear RW polymer would have a
larger K0 than a nonlinear RW polymer as first noticed by
Casassa and Tagami.15
The reason we think that the use of Rg does not lead to
universal partitioning behavior lies in the fact that Rg, as
defined in Eq. 46, depends on all the mass points of the
molecule, while steric exclusion may only be a surface
effect.14 This can be illustrated by considering two simple
examples. Naturally, one would anticipate that a uniform
sphere and a spherical shell of the same radius R with a
confining slit of width d have the same K0. However, they
will not have the same K0 if they have the same radius of
gyration Rg, since for a uniform sphere Rg=3 /5R while for
a spherical shell Rg=R. The same argument holds, e.g., for
the partitioning behavior of a uniform rigid rod and an elastic
dumbbell of the same length. In the following, we show that
a better universal relationship is indeed obtained with the
new molecular size parameter Rs.
First of all, we would like to examine the universality in
the equilibrium partitioning behavior for the same data, as
shown in Figs. 6 and 7. We see in Figs. 8 and 9 that, when K0
is shown as a function of Rs /d instead, a universal regime
appears for approximately Rs /d0.25. As long as Rs /d stays
in the universal regime, the finite N effect and the change
from RW to SAW conformation statistics only affect the spe-
cific Rs value, but do not alter the equilibrium partitioning
behavior, i.e., K0 follows Eq. 29 for a slit confining geom-
etry of width d. Since Eq. 29 is obtained under the assump-
tion that the confinement size d is sufficiently large, devia-
tions from the master curve are expected as Rs /d increases. It
is also noticed that among all the results shown in Fig. 8 a
rigid dumbbell N=2 deviates first from the master curve,
and we know from Eq. 33 that deviation appears at Rs /d
=1 /4 for a rigid dumbbell.
Previously, Rg, Rgg−1/3, and Rh were proposed as the
representative molecular size parameter in the description of
FIG. 7. Equilibrium partition coefficients K0 as a function of Rg /d are
shown for linear SAW polymers of N beads with a slit confining geometry
of width d. From top to bottom: N=10,100,500,103, simulation results of a
linear RW chain of N=103, and Casassa’s result Ref. 1 given by Eq. 41
corresponding to a linear RW chain of N=.
FIG. 8. Equilibrium partition coefficients K0 as a function of Rs /d are
shown for linear RW polymers of N beads with a slit confining geometry of
width d. From top to bottom: N=2,3 ,10,102 ,103 ,104, and N=. Casassa’s
result Ref. 1 given by Eq. 41 corresponds to N=, which nearly coin-
cides with the simulation results for N=104.
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the equilibrium partitioning of macromolecules.15,16 In Fig.
10, K0 is shown as a function of Rg /d, Rgg−1/3 /d, Rh /d, and
Rs /d, respectively, for a linear SAW polymer of N=103, a
linear RW polymer of N=103, a symmetric three-arm RW
star polymer of arm length N=103, and a symmetric four-
arm RW star polymer of arm length N=103 with a slit con-
fining geometry of width d. Different from Figs. 6–9, a linear
scale of K0 is used in Fig. 10, since it is understood from the
equilibrium partitioning theory for SEC that the elution vol-
ume depends on K0 linearly.15 It is clear that, compared to
the use of Rg, the use of Rgg−1/3 or Rh is capable of providing
better universality in the partitioning behavior. However, the
best universality is obtained by the use of our new molecular
size parameter, Rs. We see in Fig. 10d that when K0 is
shown as a function of Rs /d, results for the four flexible
polymers linear SAW, linear RW, three-arm RW star, and
four-arm RW star are nearly indistinguishable.
We expect from Fig. 4 that an elastic dumbbell may
deviate from the master curve at a smaller Rs /d value than
1 /4. This is verified in Fig. 10d, where additionally the
equilibrium partition coefficients K0 are shown as a function
of Rs /d for an elastic dumbbell, a rigid rod, and a sphere
with a slit confining geometry of width d. It is interesting to
notice from Fig. 10d that the equilibrium partitioning be-
havior of an elastic dumbbell deviates largely from that of a
long chain linear RW polymer. We already pointed out in
Eqs. 36 and 45 that for two molecules of the same mean-
square end-to-end distance Q2, an elastic dumbbell has
only half of the steric exclusion radius of a long chain linear
RW polymer. We therefore conclude that an elastic dumbbell
model over predicts K0 of a linear RW polymer of the same
Q2 especially in the high confinement regime.
Consistent with Eq. 29, we see a unique curve as
Rs /d→0 in Fig. 10d. As Rs /d increases, deviations from
Eq. 29 appear. This may lead to a natural clarification of
the so-called weak and high confinement regimes. In the
weak confinement regime, K0 depends only on Rs /d regard-
less of the chain architecture and conformation statistics,
while in the high confinement regime, there is no universal
partitioning behavior observed when K0 is shown as a func-
tion of Rs /d. We know from Eqs. 31 and 33 that a sphere
follows the universal curve for the entire K0 window from 0
to 1, while a rigid rod deviates from the universal behavior
for K01 /2 and follows Rs /d−1 /8 instead. As shown in
Fig. 10d, the equilibrium partitioning curves K0Rs /d for
long chain polymers in the high confinement regime lie be-
tween that of a rod and a sphere, and may be described by
the scaling theory K0−Rs /d1/,18,20 where  is the Flory
exponent.
FIG. 9. Equilibrium partition coefficients K0 as a function of Rs /d are
shown for linear SAW polymers of N beads with a slit confining geometry
of width d. From top to bottom: N=10,100,500,103, simulation results of a
linear RW chain of N=103, and Casassa’s result Ref. 1 given by Eq. 41
corresponding to a linear RW chain of N=.
FIG. 10. Equilibrium partition coeffi-
cients K0 are shown a as a function
of Rg /d, b as a function of Rgg−1/3 /d,
c as a function of Rh /d, and d as a
function of Rs /d for from top to bot-
tom a linear SAW polymer of N
=103, a linear RW polymer of N=103,
a symmetric three-arm RW star poly-
mer of arm length N=103 with g
=0.778, and a symmetric four-arm RW
star polymer of arm length N=103
with g=0.625 with a slit confining ge-
ometry of width d. In subfigure d, K0
are also shown for an elastic dumb-
bell, a rigid rod, and a sphere.
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Note that the equilibrium partition coefficients shown in
Fig. 10 are for a slit confining geometry. Naturally, one may
expect that the confinement effect in an SEC column is two
dimensional 2D and the confining geometry may be effec-
tively described by a square channel. Therefore, it is worth-
while to investigate the universality in the partitioning be-
havior with 2D and 3D confining geometries. In Figs. 11 and
12, the equilibrium partition coefficients K0 are shown for a
linear SAW polymer of N=103, a linear RW polymer of N
=103, a symmetric three-arm RW star polymer of arm length
N=103, a symmetric four-arm RW star polymer of arm
length N=103, and a sphere with a square channel confining
geometry of dd cross section and a ddd cubic box
confining geometry, respectively. Again, it is clear that
among Rg, Rgg−1/3, Rh, and Rs, the best universality in the
partitioning behavior is provided by the use of our new size
parameter Rs. In the universal partitioning regime, K0 de-
pends only on Rs /d. For a square channel for dd cross
section, we have
K0, square channeld = 1 − 2Rs/d2, 52
and for a ddd cubic box confining geometry, we have
FIG. 11. Equilibrium partition coeffi-
cients K0 are shown a as a function
of Rg /d, b as a function of Rgg−1/3 /d,
c as a function of Rh /d, and d as a
function of Rs /d for from top to bot-
tom a linear SAW polymer of N
=103, a linear RW polymer of N=103,
a symmetric three-arm RW star poly-
mer of arm length N=103, and a sym-
metric four-arm RW star polymer of
arm length N=103 with a square chan-
nel confining geometry of dd cross
section. In subfigure d, K0 for a
sphere is also shown.
FIG. 12. Equilibrium partition coeffi-
cients K0 are shown a as a function
of Rg /d, b as a function of Rgg−1/3 /d,
c as a function of Rh /d, and d as a
function of Rs /d for from top to bot-
tom a linear SAW polymer of N
=103, a linear RW polymer of N=103,
a symmetric three-arm RW star poly-
mer of arm length N=103, and a sym-
metric four-arm RW star polymer of
arm length N=103 with a cubic box
confining geometry of size ddd.
In subfigure d, K0 for a sphere is also
shown.
124904-11 Partitioning of macromolecules J. Chem. Phys. 128, 124904 2008
Downloaded 21 Jun 2010 to 192.38.67.112. Redistribution subject to AIP license or copyright; see http://jcp.aip.org/jcp/copyright.jsp
K0, cubic boxd = 1 − 2Rs/d3. 53
Equations 52 and 53 are obtained from Eqs. 29 and
51. One may realize that Eqs. 29, 52, and 53 are es-
sentially the equilibrium partitioning curves of a sphere of
radius R=Rs with a slit, a square channel, and a cubic box,
respectively. Strictly speaking, the equilibrium partitioning
curves for flexible polymers with channel and box confining
geometries deviate from the universal partitioning behavior
at approximately the same Rs /d value as with a slit confining
geometry. The reason that better universality appears in Figs.
11d and 12d is because, for the same Rs /d value, the
corresponding K0 value decreases as the confinement dimen-
sion increases. When K0 for a cubic box confining geometry
is plotted as a function of Rs /d Fig. 12, one can barely see
the difference among the different molecules studied.
Although it remains interesting to check the universal
behavior in a plot of K0 as a function of Rs /d for confining
geometries with curved surfaces such as a cylindrical pore,
it seems fair to conclude from Figs. 11 and 12 that the steric
exclusion radius Rs, which is a geometric size measure, is the
determining molecular size parameter that characterizes the
equilibrium partitioning behavior of polymers with confining
geometries. This result may indicate that polymers in SEC
are separated based on their steric exclusion radii.
V. CONCLUSIONS
We have developed a new method to compute the equi-
librium partition coefficient of macromolecules between bulk
and confining geometries in the dilute solution limit. The
computation method, called the confinement analysis from
bulk structures CABS, allows the computation of equilib-
rium partition coefficients as a function of confinement size
on the basis of a single sampling of the configuration space
of the macromolecule in bulk. Superior in computational
speed to previous simulation studies, CABS is capable of
handling slit, square channel, and cubic box confining geom-
etries. Our focus was mainly on calculating K0. However, we
note here that the CABS method can also be extended to
compute the equilibrium concentration profile inside a con-
fining geometry and to study the conformational properties
of confined macromolecules etc. The extension is straightfor-
ward, and will be presented in forthcoming publications.
CABS also leads to a new geometric molecular size pa-
rameter called the steric exclusion radius Rs. An explicit defi-
nition of Rs is provided to facilitate the computation of Rs by
exploring the configuration space of a macromolecule during
molecular simulations, and we have also obtained Rs analyti-
cally for a number of rigid objects and flexible polymers.
Distinct from conventional molecular size parameters such
as the root-mean-square radius of gyration, the steric exclu-
sion radius depends only on the chain segments that are lo-
cated on the molecular surface.
We suggest that Rs may be a more relevant molecular
length scale for characterization of spatial confinement ef-
fects on macromolecules. In particular, results for the equi-
librium partition coefficients as a function of the ratio of Rs
to the confinement size show a unique curve in the weak
confinement regime. This result may indicate that the sepa-
ration of macromolecules in SEC is based on the steric ex-
clusion radius. Experimentally, Grubisic et al.34 showed that
SEC separates polymers on the basis of hydrodynamic vol-
ume Vh=M /63/2.51 They demonstrated that data plotted in
the form of logM versus elution volume nearly fell on a
single curve for a wide range of different polymers. Such an
excellent correlation between the hydrodynamic volume and
elution volume is important in practice, but it is somewhat
controversial to the thermodynamic separation principle gen-
erally accepted in theoretical studies since Vh is a size based
on dynamic quantities.35,52 Like other types of chromatogra-
phy, SEC is typically run under low flow rate conditions
where hydrodynamic factors should have little effect on the
molecular partitioning.14,35 In the present work, we have
demonstrated that the steric exclusion radius is the determin-
ing molecular size parameter that characterizes the equilib-
rium partitioning behavior, and this result may indicate that
the steric exclusion radius and the hydrodynamic volume
may be strongly correlated.
Note added in proof: We have recently discovered that
the steric exclusion radius Rs defined in Eq. 30 is in fact
one-half the projection of the unconfined polymer molecule
onto a line as discussed in Ref. 54. However, the concept
does not seem to have been used in current textbooks on
polymer physics2–4,38,42,53 and in a recent review article on
confined polymer solutions.5
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